Abstract-Recently, active suspension is gaining popularity in commercial automobiles. To develop the control methodologies for active suspension control, a quarter-car test bed was built employing a direct-drive tubular linear brushless permanent-magnet motor (LBPMM) as a force-generating component. Two accelerometers and a linear variable differential transformer (LVDT) are used in this quarter-car test bed. Three pulse-width-modulation (PWM) amplifiers supply the currents in three phases. Simulated road disturbance is generated by a rotating cam. Modified lead-lag control, linear-quadratic (LQ) servo control with a Kalman filter, fuzzy control methodologies were implemented for active-suspension control. In the case of fuzzy control, an asymmetric membership function was introduced to eliminate the DC offset in sensor data and to reduce the discrepancy in the models. This controller could attenuate road disturbance by up to 77% in the sprung mass velocity and 69% in acceleration. The velocity and the acceleration data of the sprung mass are presented to compare the controllers' performance in the ride comfort of a vehicle. Both simulation and experimental results are presented to demonstrate the effectiveness of these control methodologies.
. Tang and Zhang applied linear-quadratic-Gaussian (LQG) control, neural networks, and genetic algorithms in an active suspension and presented simulation results [3] . Sam, et al. applied LQ control to simulate an active-suspension system [4] . As for the robust control, Lauwerys, et al. developed a linear robust controller based on the -synthesis for the active suspension of a quarter car [5] . Wang, et al. presented the algorithm to reduce the order of the controller in the application of active suspension [6] . They were able to reduce the controller's order by nearly one third while the performance was only slightly degraded. Concha and Cipriano developed a novel controller combined with the fuzzy and LQR controllers [7] . Gobbi, et al. proposed a new control method based on a stochastic optimization theory assuming that the road irregularity is a Gaussian random process and modeled an exponential power spectral density [8] .
Savaresi, et al. developed a novel control strategy, called Acceleration-Driven-Damper (ADD) in semi-active suspensions. They minimized the vertical sprung mass acceleration by applying an optimal control algorithm [9] . Then Savaresi and Spelta had ADD compared to sky-hook (SH) damping [10] . Recently, they proposed an innovative algorithm that satisfies quasi-optimal performance based on an SH-ADD control algorithm [11] . Abbas, et al. applied sliding-mode control for nonlinear full-vehicle active suspension [12] . They considered not only the dynamics of the nonlinear full-vehicle active-suspension system but also the dynamics of the four actuators. Many neural-network controllers were also applied to active suspension. Jin, et al. developed a novel neural control strategy for an active suspension system [13] . By combining the integrated error approach with the traditional neural control, they were able to develop a simple-structure neural controller with small computational requirements, beneficial to real-time control. Kou and Fang established active suspension with an electro-hydrostatic actuator (EHA) and implemented a fuzzy controller [14] . They could attenuate the suspension deflection by 26.76% compared with passive suspension. Alleyne and Hedrick developed a nonlinear adaptive controller for active suspension with an electro-hydraulic actuator [15] . They analyzed a standard parameter adaptation scheme based on the Lyapunov analysis and presented a modified adaptation scheme for active suspension.
Several researchers used electro-hydraulic actuators for active suspension [14] , [15] . Electro-hydraulic actuators are powerful and less bulky compared to conventional DC and AC actuators. Moreover, they can provide the sky-hook damping effect, an ideal design of suspension [16] . However, electro-hydraulic actuators are highly nonlinear because of their hydraulic components such as a servo-valve. In most studies, it was assumed that the chamber volume of the hydraulic actuator was constant while in fact the volume varied with the piston motion. This introduced an additional uncertainty to the model. However, due to the compact design, an LBPMM like the one presented in Section II of this paper has less modeling uncertainty and nonlinearity. Moreover, this LBPMM is directly applicable to active suspension without converting rotary motion to linear motion [17] . Besides its smooth, precise translational motion without cogging, the fact that the length of the mover can be conveniently adjusted makes it one of the best candidates for the force-generating component in an active-suspension system. Other actuators such as an oleo-pneumatic unit [18] and a 3-degree-of-freedom (3-DOF) vibration-isolation system [19] were also used for active suspension. The drawbacks of these actuators are bulkiness and design complexity. The oleo-pneumatic unit required a sealing structure. The 3-DOF vibration-isolation system consisted of five tables, magnets, springs, dampers, which led to a large size.
Realistic models of the car were considered in several research projects. Gao, et al. proposed a load-dependent controller for active suspension control [20] . They considered the sprung mass of the car varied with the load condition and assumed this value was measurable online. With this information they developed a much less conservative controller compared to a previous robust-control approach. Yagiz, et al. considered not only vertical but also pitch and roll motions of a nonlinear 7-DOF vehicle model [21] . They developed a sliding-mode controller for the active suspension control in a full vehicle.
There are issues related with the limitations of active-suspension solutions. For example, Suda and Shiba proposed the energy-regeneration in active suspension to solve the energy problem [22] . They proposed an energy regenerative damper system that converts vibration energy into useful energy. Then the converted energy is used for active suspension.
Since a human body is most susceptible to vibration at around 3 Hz (20 rad/s) [23] , disturbance from the road is modeled as a sinusoidal input with a frequency of 3.5 Hz (22 rad/s) and a magnitude of 0.03 m in this research. The tubular LBPMM was designed to be able to generate the force up to 29.6 N with a phase current [17] . Since the NdFeB magnet in the LBPMM would lose magnetization around 150 , control performance is compromised with the maximum current swing that yields temperature rise. As a result, controllers are designed to have the current limit of around . The piezoelectric accelerometers (Piezotronics model 336B18) with the frequency range of 0.5 to 3000 Hz (3 to 20000 rad/s) used in our quarter-car test bed also limit the performance. Particularly, this implies that our active-suspension system is not able to attenuate the disturbance with a frequency component lower than 0.5 Hz.
The fact that this novel class of tubular LBPMM is used for active-suspension control as a force-generating component and three distinct control methodologies are developed, successfully implemented, and experimentally verified on a quarter-car model developed in our lab is the key contribution of this research and distinguishes this paper from others. Especially, an asymmetric fuzzy controller was implemented to compensate for the DC offset in sensor data. As for the control strategies, a modified lead-lag control was developed as a representative classical controller. Then an LQ servo controller was developed Fig. 1 . Schematic of the tubular LBPMM. The direction of the generated force on the mover is in the negative z-direction in this particular current distribution.
to represent modern state-space-based control techniques. Lastly, fuzzy control was selected because of its flexibility with design parameter. The information such as the magnitude of the errors and the generated force gathered in the development of the previous two controllers facilitated the determination of its design parameters. This paper is organized as follows. In Section II-A, working principles of the tubular LBPMM are summarized. Section II-B presents the modeling of the quarter-car test bed. In Section III-A, implementation of a modified lead-lag controller and its disturbance attenuation are presented. Section III-B describes the design and performance of an LQ servo controller and the state estimation by a Kalman filter. Section III-C presents a fuzzy controller with asymmetric membership functions and its performance. Section IV compares and analyzes the control performances of the three control strategies in detail. The conclusions follow in Section V. The magnets are aligned with the arrow pointing to the N pole. The pitch of these magnets is kept the same as that of the coils.
II. TEST BED FOR ACTIVE SUSPENSION CONTROL

A. Tubular Linear Brushless Permanent-Magnet Motor
By the Lorentz force equation, the generated force is the vector cross product of the current density in the coils and the magnetic flux density generated by the magnets, [17] . The inverse Blondel-Park transformation in the LBPMM that governs the relationship between the three-phase currents and the desired force is defined as follows [17] :
(1) is the desired force in the axial direction.
, where is the pitch of the motor (63.3 mm). is the relative displacement between the mover and the stator. In active suspension, it represents the distance between the sprung and unsprung masses. The inverse force constant was determined as 0.1383 A/N by experiments [17] . Fig. 2 shows a photograph of the quarter-car test bed. The sprung mass ( ) is considered to be the body of a car, and the unsprung mass ( ) represents the mass between its suspension and a wheel. As shown in Fig. 3 , two masses are connected with a mechanical spring and the LBPMM. The stator of the LBPMM is fixed to the sprung mass and one end of the mover is fixed to the unsprung mass so that the LBPMM force can act on this quarter-car test bed. The rotating cam shown at the bottom of Fig. 2 simulates sinusoidal road disturbance at various frequencies.
B. Quarter-Car Test Bed
As in [16] , the states of the quarter-car test bed are defined as , and its dynamics is expressed as the following state-space matrix form: (2) where and are the velocities of the sprung and unsprung masses, respectively, is the sinusoidal disturbance generated by the rotating cam, and is the force generated by the LBPMM. Additionally, the wheel is modeled by the spring constant and the viscous damping coefficient . The parameter values are given in Table I . The tire is assumed to be made of natural isoprene which has modulus of elasticity of 0.01 GPa. Since the disturbance is generated by the rotation of the cam with a fixed shape at a fixed speed, the magnitude of the disturbance could not be changed in this test bed. If a large disturbance should be generated by some reason, the LBPMM or the LVDT would not exceed the allowable operating range as long as the spring remains in its elastic region because the sprung mass and the unsprung mass are connected with each other through a mechanical spring. 
III. CONTROL STRATEGIES AND EXPERIMENTAL RESULTS
In this Section, three classes of controllers are designed and implemented in the quarter-car test bed and their experimental results are presented.
A. Modified Lead-Lag Control
The output of this modified lead-lag controller is a force and controls the velocity of the sprung mass rather than its position. Since the state-space-based control sets the velocity of the sprung mass as a reference input for the convenience of controller design [16] , the same reference input is used in all control methodologies for fair comparison of their performances. From (2) and Table I , the transfer function from to is determined as (3) The control objectives are as follows. First, a high loop gain is desirable around the operating frequency at 22 rad/s for good disturbance attenuation and command following. However, this high gain would yield large current flow in the LBPMM, which would raise its temperature and demagnetize the magnets. Therefore, the gain was limited by examining the simulation result of the maximum current flow ( ) in the LBPMM. Finally, the loop gain of the controller at around the operating frequency was determined as 56 dB.
Second, the control bandwidth was set to be [10 rad/s, 80 rad/s]. Since the open-loop frequency response of this quarter car has low gains in the low and high frequency ranges and a high gain in the middle frequency range with two cross-over frequencies, the bandwidth could be adjusted by changing either the lower cross-over frequency or the higher cross-over frequency. In this paper, a lag compensator was applied in the low-frequency range to achieve this goal.
Third, since the gain should be low in the high frequency range to attenuate noise, another lag compensator was applied. Finally, to obtain sufficient gain and phase margins, a lead compensator was introduced between the two lag controllers.
The lower-frequency lag controller yields a lower loop gain. The lead controller around the operating frequency broadens the bandwidth. Therefore, each lead or lag controller should be fine-tuned by examining the overall loop transfer function. To decide the exact corner frequencies in each of the lead or lag controllers, the Matlab SISO tool was used. The modified lead-lag controller with one lead and two lag controllers was finalized in the domain as When the quarter-car test bed is under closed-loop control, the LBPMM generates the force to attenuate road disturbance, which results in the current flow in each coil set as shown in Fig. 6 . Since the disturbance from the road is sinusoidal with a specified frequency, the current flow in the LBPMM would generate the force at the same frequency. However, each phase current exhibits some high-frequency distortions as shown in Fig. 6 due to unmodeled nonlinear dynamics in the system.
The simulation and experimental results of disturbance rejection are presented in Fig. 7 . Due to the model uncertainties in the quarter-car test bed, there is discrepancy between these two results. When the controller is turned off, the road disturbance affects directly to the quarter car, which results in high-velocity oscillation of the sprung mass. When the controller is turned on, the road disturbance is attenuated. Fig. 8 shows the acceleration of the sprung mass in simulation and experiment. In this figure, the magnitude of the sprung-mass acceleration is much smaller when the controller is turned on than off. This implies that the road disturbance affects the rider less in terms of the acceleration as well.
B. Linear-Quadratic Servo Control
LQ servo control is developed by introducing the command input and the output disturbance. From (2), a state-space representation of a quarter-car model can be expressed as follows: (5) where , as in (2) . Thus, and is partitioned as follows:
The vertical line indicates that . The last state is the relative displacement between the sprung mass and the unsprung mass. It can be easily measured by the LVDT.
As shown in Fig. 9 , the control gain matrices and are applied to and , respectively. To eliminate a non-zero steady-state error for the step command input or the output disturbance, this LQ servo controller is implemented with an integrator. In this application, the LQ servo model is determined by considering the frequency responses of the loop transfer functions as given in Fig. 10 . Fig. 10 shows the loop transfer functions of a standard LQ servo model (i.e., model a) and an LQ servo model with an integrator (i.e., model b). The most significant difference between these two models is the low frequency response. Model b has the magnitude slope of 20 dB/decade around the lower cross-over frequency. Model a has larger slope than 20 dB/decade around the lower cross-over frequency. Therefore, the magnitude of the sensitivity function of model a is smaller than model b. Model a is desirable in terms of disturbance rejection and command following. However, improvement of the sensitivity in a frequency range deteriorates the sensitivity in another frequency range. The system could also become unstable due to this deterioration [23] . Since the operating frequency of the quarter car is around 22 rad/s, improvement of the sensitivity in the frequency range less than 22 rad/s is not as significant a factor as the stability of the system. Therefore, model b is more suitable for the quarter car than model a.
Its control objectives are similar to those of the modified lead-lag control. First, loop gains should be high around the operating frequency. Second, the control bandwidth should be located in [10 rad/s, 80 rad/s]. The control objectives are more conveniently achievable with model b than model a because it has an additional design parameter ( ). This also gives the relevance to the usage of the integrator.
As shown in Fig. 9 , the control gains for the integrator, output state, and rest states are , , and , respectively [24] . This LQ servo system consisted of the standard LQ servo dynamics (5) and the integrator dynamics. With in a regulation problem (7) The augmented system is defined as follows: (8) where , , and . The control law is defined as
where . To obtain , a control algebric Riccati equation (CARE) should be solved. To construct this CARE, a symmetric positive definite matrix and a symmetric positive semi-definite matrix should be determined. The matrix affects the loop gain that determines the system bandwidth. The maximum current flow is constrained as , the same as the case of the modified lead-lag controller. After several design iterations, was set to be 0.005. The diagonal elements of the matrix are the weights of each state, and they determine the shape of the loop transfer function. Since the second state ( ) should be regulated, the matrix is desirable to have a larger element than other elements in the matrix. After several design iterations, the matrix was determined as follows: (10) A unique positive semi-definite symmetric matrix is determined by solving the following CARE: (11) is found with Matlab as follows: (12) The feedback gain is determined as follows: (13) ), which is difficult to measure and estimate with a Kalman filter. This estimator requires the measured output ( ) and the system control input as an estimator input. To solve the filter algebric Riccati equation (FARE) and obtain the Kalman-filter gain, a positive value and a non-negative value should be determined as (14) As expressed in (2), the output disturbance affects the last state of the quarter-car model. Therefore, the matrix is defined as follows: (15) With initial values of and , they were adjusted and determined as and after several design iterations. Then the unique positive semi-definite symmetric matrix is obtained as follows with the Matlab CARE function:
The Kalman-filter gain is determined as follows:
(17) Fig. 11 shows the estimated tire deflection ( ) by the Kalman filter algorithm in closed-loop control. There is some discrepancy between the simulation and experimental results of state estimation. In the Kalman filter algorithm, the measured output and the disturbance are assumed as zero-mean white Gaussian noises. In the quarter-car model, there is some discrepancy between the measured output ( ) and the zeromean white Gaussian noise (Figs. 7 and 12(a) ), which limits the performance of the state estimator. The performance of the disturbance attenuation in velocity is presented in Fig. 12(a) .
Two accelerometers and one LVDT are used as sensors in LQ servo controller. Due to the noises generated by the sensors and the error from the state estimator, disturbance attenuation contains some discrepancy between the experiment and simulation results. Fig. 12(b) shows the acceleration of the sprung mass.
C. Fuzzy Control
A Mamdani-type fuzzy controller is implemented in this section [25] . The input to this fuzzy controller is the system error (
) and the output is the control input ( ). To determine , is fuzzified by the membership functions as shown in Fig. 13(a) and defuzzified by the membership functions as shown in Fig. 13(b) . The membership functions ). The range of error in Fig. 13(a) was set as because the magnitude of the largest measured error ( ) was 0.8 m/s. The range of outputs in Fig. 13(b) was set as because the LBPMM could generate force up to near . As presented in Fig. 13 , seven membership functions were implemented for the fuzzification and defizzification. Several controllers with the different number of membership functions were tested, and the one with seven membership functions was selected since it exhibited the best result without requiring complexity. Table II shows the rules of this fuzzy controller. Since this active-suspension test bed is a single-input, single-output system, the input and the output forms single-dimension arrays. Each fuzzified value is one-to-one matched for the defuzzification. For example, if the error is NLE, the output is NLF. Each rule has the same weight.
The control input as the result of this fuzzy controller is determined by the center of gravity (COG) method. The COG method computes as follows [22] : (18) where is defined as the COG of the each membership function. Fig. 14 shows the relation between the error (input) and the generated control force (output). This input-output curve was designed not to be symmetric with respect to the origin. The characteristics of error due to non-idealities of the test bed is presented as follows: (19) When the active-suspension system is under closed-loop control, the maximum absolute velocity of the sprung mass is larger when it is positive than negative (i.e., peak toward positive is larger than peak toward negative). The phenomenon of (19) was examined through the modified lead-lag control and the LQ servo control (Figs. 7 and 12(a) ). This indicates that the position of the sprung mass is higher than the desired position. It also means an insufficient control input to attenuate disturbance when the sprung mass moves upward. Therefore, additional control input should be generated to reduce the error when . The mechanical spring between the spung mass and the unsprung mass might cause this phenomenon. Since this mechanical spring has initial tension when it is extended but does not have it when compressed, required force to regulate the spring motion may be different depending on compression or extension.
To solve the problem presented as (19) , a membership function PSF in Fig. 13(b) is widened. The PSF is the most significant membership function when the system is under closed-loop control because the domain of the PSE covers a small negative error and the PSF is determined by the PSE. The widened PSF induces the increased area of the PSF( ). Consequently, the absolute value of the COG of the PSF increased. Finally, also increased by (18) when . In Fig. 15(a) , the effect of (19) is reduced in comparison with Figs. 7 and 12(a) due to the additional control input generated in the hump where in Fig. 14 . Fig. 15 (b) shows the acceleration of the sprung mass.
IV. PERFORMANCE COMPARISONS
We presented three control strategies of active-suspension control in this paper. The modified lead-lag controller is a kind of classical controller and the LQ servo controller is a state- space based modern controller. The development of the fuzzy controller was based on the membership functions. However, these controllers have the same objective to attenuate the road disturbance. Therefore, one aspect that can be compared among these controllers is the disturbance-attenuation performance. In this section their disturbance-attenuation performance is compared in terms of the sprung mass velocity and acceleration. Fig. 16 shows the data samples collected for performance evaluation in the modified lead-lag control. Samples are gathered in the steady-state regions only. Dashed boxes on the left and right sides are the samples when the controller is on and off, respectively. Three-thousand discrete data points were collected in each case.
Once the samples are obtained, the root-mean-square (RMS) values are calculated in velocity when the controller is on and off. The RMS values are calculated also in acceleration when the controller is on and off as follows: (20) (21) The performance indicies show how much the controller was able to attenuate the road disturbance in sprung mass velocity and acceleration. In the same way, performance indicies are calculated in the case of LQ servo and fuzzy control. Table III shows the comparison.
In case of the modified lead-lag control, the RMS values of the sprung mass acceleration were 2.323 and 7.482 m/s when the controller is on and off, respectively. The corresponding performance index was 67%, which means that 67% of the disturbance from the road is attenuated in the sprung mass acceleration. Similarly, the RMS values of the sprung mass velocity were 0.075 and 0.238 m/s when the controller is on and off, respectively and corresponding performance index was 73%. When the controllers were on, the RMS values for the modified lead-lag, LQ servo, and fuzzy controllers were 0.075, 0.099, and 0.071 m/s. The smallest RMS value from the fuzzy controller implies that the DC offset was reduced due to the asymmetric membership function.
The current flow pattern in the tubular LBPMM with the modified lead-lag controller is shown in Fig. 17 . Since each phase has 60 differences, the phase A current has the same magnitude but opposite direction to the phase B and C currents.
Considering this symmetry, how much control input was required in this controller was calculated by taking the RMS value of the phase current as follows: (22) where is the phase A current, is the number of sampled data ( ). Similarly, the RMS values of the phase A currents were obtained in case of the LQ servo and the fuzzy control. Table IV shows this result. A small RMS value in Table IV means a small control input. The modified lead-lag and the fuzzy controllers required almost the same amount of the control input, which were 1.26 and 1.24 A, respectively. However, the LQ servo required more control input then the other two controllers.
V. CONCLUSION
An active-suspension system with a quarter-car test bed was constructed with a tubular LBPMM in this research. Modified lead-lag, LQ servo, fuzzy controllers were designed and implemented to attenuate road disturbance. The modified lead-lag and LQ servo controllers showed 67% and 58% in the disturbanceattenuation performance, respectively in the sprung mass acceleration. The fuzzy controller was able to reject the disturbance by up to 69% in the sprung mass acceleration. In the sprung mass velocity, the modified lead-lag, LQ servo, and fuzzy controller attenuated the road disturbance by 73%, 64%, and 77%, respectively. Overall performance in the sprung mass velocity was superior to acceleration because these controllers were originally designed to attenuate the sprung mass velocity.
The LQ servo's performance in disturbance rejection was slightly inferior to the two other controllers. The reason is that the estimator could not perfectly generate the estimated state because the noise and the disturbance were not white Gaussian. Moreover, an additional sensor (the LVDT) was used in this control method. Therefore, both performance-and cost-effectiveness-wise, the LQ servo was not suitable for this application. The performance of the modified lead-lag control was fairly acceptable. It consisted of two lag controllers and one lead controller. Each lead and lag controller was designed to satisfy its own control objectives. Finally, these lead and lag controllers were fine-tuned to determine their exact corner frequencies. Selecting its design parameters did not require too many design iterations to satisfy the control objectives. In addition, this modified lead-lag control required no LVDT. The performance of the fuzzy controller was the best among the three controllers with 77% in the sprung mass velocity and 69% in acceleration. It is because this controller is developed so that it can compensate for the DC offset by introducing asymmetric membership functions. However, the development of this fuzzy controller requires the information such as the magnitude of the errors and the generated force gathered during the development of the two previous controllers. When it comes to the current flow, the modified lead-lag controller and the fuzzy controller required almost the same control input. However, the LQ servo controller required more control input although its performance was inferior to the other two controllers.
In summary, the tubular LBPMM, a unique tubular linear motor, was successfully employed as an actuator in active-suspension control. When it comes to the control performance, the fuzzy controller turned out to be the most suitable control methodology for this active-suspension application. It is because its asymmetric membership functions allowed the tubular LBPMM to generate the most suitable control force. Due to the asymmetric membership functions, the discrepancy between the ideal and practical test beds was reduced. However, a fuzzy controller is difficult to design since it has infinitely many design parameters such as selecting the domain for the fuzzification and defuzzyfication. In this research, these design parameters were finalized with the results from the modified lead-lag and LQ servo controllers.
